GENERALIZED LOCAL COHOMOLOGY MODULES AND HOMOLOGICAL 

GORENSTEIN DIMENSIONS 



KAMRAN DIVAANI-AAZAR AND ALIREZA HAJIKARIMI 

ABSTRACT. Let a be an ideal of a commutative Noetherian ring R and M and N two 
finitely generated R-modules. Let cd (M, N) denote the supremum of the i's such that 
H l a (M, N) 7^ 0. First, by using the theory of Gorenstein homological dimensions, we ob- 
tain several upper bounds for cd„ (M, N). Next, over a Cohen-Macaulay local ring (R, m), 
we show that 

cd m (M, N) = dim R - grade(Ann R N, M), 
provided that either projective dimension of M or injective dimension of N is finite. Fi- 
nally, over such rings, we establish an analogue of the Hartshorne-Lichtenbaum Vanishing 
Theorem in the context of generalized local cohomology modules. 



1. Introduction 

Let R be a commutative Noetherian ring with identity. The notion of generalized local 
cohomology was introduced by Herzog in his Habilitationsschrift ||He|| . Let a be an ideal 
of R and M and N two R-modules. The z'th generalized local cohomology module of M 
and N with respect to a is defined by H*(M,N) := Urn Ext' R (M/a n M,N). 

n 

Henceforth, we assume that M and N are finitely generated. In [B, Proposition 5.5], it is 
shown that the least integer i such that H' a (M,N) ^ is equal to grade (Ann R ( M / oM ), N) . 
We denote the supremum of i's such that H l a (M,N) ^ by cd a (M, N) and we abbre- 
viate cd a (R,N) by cd (N). In Section 2, we explore interrelations between generalized 
local cohomology modules and homological Gorenstein dimensions. This direction of 
research was motivated by Sazeedeh's work ||SaH , which implies that local cohomology 
modules can be computed by Gorenstein injective resolutions. Here, we will apply the 
theory of Gorenstein homological dimensions to establish the following upper bounds 
for cd (M,N): 

i) If Gpd N M is finite, then cd a (M, N) < Gpd N M + cd (M <g> R N). 
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ii) If pd N M or id N is finite, then cd a (M, N) < min{dim R, Gpd N M + cd a (M ® R 
N)}. 

iii) If Gpd M and pd N are finite, then cd a (M, N) < min{dim R, Gpd N M + cd a (M ® R 
N)}. 

iv) If id M and Gid N are finite, then cd (M, N) < min{dim R, Gpd N M + cd a (M <g> R 
N)}. 

v) If either pd M or id M is finite, then cd a (M, N) < min{Gid N, Gpd N M + cd Q (M <g> R 
N)}. 

Here Gid and Gpd stand for Gorenstein injective and projective dimensions, respectively. 
Also pd N M := sup{pd R)) M p : p G Supp R M n Supp R N} and Gpd N M := sup{z G No : 
Ext R (M,N) ^ 0}, with the usual convention that the supremum of the empty set of 
integers is interpreted as — oo. As an application of these bounds, one can improves BHZl 
Theorem 3.2] and Theorem 3.1 and Lemma 5.4 in [CHJ, see Corollary 2.6 below. 

Let (R, m, k) be a local ring. Grothendieck's non- Vanishing Theorem implies that 
cd m (N) = dimN. But, not much is known about cd m (M,N). In [HZ |, the class of finitely 
generated R-modules L for which cd m (L,N) = depth N is investigated. In this paper, 
we intend to compute cd m (M,N), when either projective dimension of M or injective 
dimension of N is finite. Note that we have to impose these assumptions on M or N, 
because otherwise cd m (M, N) might be infinite. To realize an easy example, suppose 
that M has infinite projective dimension. Then H l m (M,k) = Ext' R (M,k) is non-zero for 
infinitely many i. Now, let R be Cohen-Macaulay and suppose that either projective 
dimension of M or injective dimension of N is finite. In Section 3, we show that 

cd m (M, N) = dim R - grade(Ann R N, M). 

Next, we show that H^(M,N),d := dimR, can be described as a certain quotient of 
H^(M, N), see Theorem 3.8 below. Then as an immediate application, we will compute 
the set of attached prime ideals of the Artinian R-module HjJ (M, N). More precisely, we 
show that 

AttR (H„(M, N)) = {p DR : p G Supp R N n Ass^ M and dim(R/aR + p) = 0}. 

This enables us to establish an analogue of the Hartshorne-Lichtenbaum Vanishing Theo- 
rem for generalized local cohomology modules to the effect that the following are equiv- 
alent. 

i) H d a {M,N) = 0. 

ii) H d m (M,N) = £ < m > (0 : Hi{M/N) a"). 

neN 

iii) For any integer I G N, there exists an n = n(l) G IN such that 

: Hi(M,N) a 1 <Z<m> (0 -Hi{M,N) a ")- 
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iv) dim R/aR + p > for all p G Supp R N D Ass R M. 
(Here for an Artinian R-module A, we use < m > A for denoting; the submodule D m ! A.) 

2. Some upper bounds for cd a (M,N) 

We start this section by introducing the notions of relative projective dimension and of 
relative Gorenstein projective dimension for a pair of finitely generated R-modules. But, 
first let recall some definitions from the theory of Gorenstein homological dimensions. 
The theory of Gorenstein homological dimensions was initiated by Enochs and Jenda in 
1995, see [EJ]. An R-module N is said to be Gorenstein injective if there exists an exact 
sequence 

IV > h — > h — ► 1° — ► I 1 — > ■ • ■ 

of injective R-modules such that N = ker(7° — > I 1 ) and that Horns (J, I') is exact for all 
injective R-modules I. Also, an R-module N is said to be Gorenstein projective if there 
exists an exact sequence 

P.: >P t — >P — >P° — > P 1 — ► • • • 

of projective R-modules such that N = ker(P° — y P 1 ) and that Hom R (P„ P) is exact 
for all projective R-modules P. Then for an R-module N, the notion Gid N, Gorenstein 
injective dimension of N, is defined as the infimum of the length of right resolutions of 
N which are consisting of Gorenstein injective modules. Similarly, Gpd N, Gorenstein 
projective dimension of N, is defined as the infimum of the length of left resolutions 
of N which are consisting of Gorenstein projective modules. It is known that if id N (, 
respectively pd N) is finite, then Gid N = id N {, respectively Gpd N = pd N). 

By (HoJ Corollary 2.21], if Gpd M < oo, then Gpd M = sup{/ G N : Ex4(M,R) ^ 0}. 
In view of this, our second definition below might seem to be rational. 

Definition 2.1. Let M and N be two finitely generated R-modules. We define projective 
dimension ofM relative to N by 

pd N M := sup{pd Rp M p : p G Supp R M n Supp R N}. 

Also, we define Gorenstein projective dimension of M relative to N by 

Gpd N M := sup{z G N : Ext R (M,N) ^ 0}. 

Note that the above mentioned result of Holm indicates that if Gpd M < oo, then 
Gpd R M = Gpd M. For sake of completeness, we collect all needed properties of these 
newly defined notions in a lemma. 

Lemma 2.2. Let M and N be two non-zero finitely generated R-modules. 
i) grade (Ann R M, N) < Gpd N M. 
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ii) pd N M < pd M and ifR is local, then pd N M = pd M. 

iii) Gpd N M < min{pdM,idN}. In particular, if either pdM or idN is finite, then 
Gpd N M is finite. 

iv) If pd N M is finite, then Gpd N M = pd N M. In particular, if R is local and pd M is 
finite, then Gpd N M = pd M. 

v) If Gpd M and pd N are finite, then Gpd N M < Gpd M. 

vi) If id M and Gid N are finite, then Gpd N M < Gid N. 

vii) ifpd N M zs finite, then Ui 6N Supp R (Ext R (M, N)) = Supp R (M <g>R N), and so 
dim(M <g} R N) = max{dimExt R (M, N) : i e N }. 

viii) If pd N M is finite, then for any ideal a ofR, cd a (M ®r N) = max{cd a (Ext R (M, N)) : 
i G N }. 

ix) IfR is local and id N < co, then Gpd N M = depth R — depth M. In addition, if M is 
maximal Cohen-Macaulay, then Gpd N M = 0. 

x) If id N < oo, then Gpd N M = supjhtp - depth M p : p G Supp R M n Supp R N}. 

xi) idR p N p < oo for all prime ideals p of R if and only if Gpd N L < oo for all finitely 
generated R-modules L. 

Proof, i), ii) and iii) follow immediately by the definitions. 

iv) Let i > pd N M. Then for any p G Supp R M n Supp R N, it turns out that 

Ext R (M,N) p = Ext Rp (M p/ N p ) = 0, 

as i > pd Rp M p . Hence Gpd N M < pd N M. 

Over a local ring T, for any two non-zero finitely generated T-modules M and L, [Mat , 
page 154, Lemma 1] implies that if pd M < oo, then Gpd L M = pd M . Let p G Supp R M n 
Supp R N and h := pd Rp M p . Then 

Ext R (M,N) p ^ Ext Rp (M p ,N p ) ^ 0, 

and so pd Rp M p < Gpd N M. Therefore Gpd N M = pd N M. 

v) and vi) follow by [Ho, Theorem 2.20] and |Ho, Theorem 2.22], respectively. 

vii) It is obvious that each module Ext R (M, N) is supported in Supp R M D Supp R N = 
Supp R (M <g> R N). Now, let p G Supp R M n Supp R N and set h := pd Rp M p . We observed 
earlier in the proof of part iv) that Ext Rp (M p ,N p ) ^ 0. Hence p G Supp R (Ext R (M, N)), 
and the conclusion follows. 

viii) For any two finitely generated R-modules X and Y with Supp R X C Supp R Y, 
IIDNTl Theorem 2.2] implies that cd a (X) < cd a (Y). Let Z be a finitely generated R- 
module. Since Z and © p gAss R zK/p have the same support, it follows that 

cd (Z) = sup{cd Q (R/p) : p G Supp R Z}. 

Now, the claim becomes clear in light of part vii). 
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ix) By (B 2.6], it follows that sup{z G N : Ext R (M, N) ^ 0} = depthR - depthM. 

x) Let p G Supp R N. Since ids N < oo, it turns out that id Rp N p < oo , and so R p is 
Cohen-Macaulay. Hence, it follows by ix) that 

Gpd N M = sup{Gpd Np M p : p G Supp R M n Supp R N} 

= sup{htp - depth R M p : p G Supp R M n Supp R N}. 

xi) is the main result of [Tj. □ 

Example 2.3. There exist a non-Gorenstein Artinian local ring (R, m) and a finitely gen- 
erated R-module M, which is not Gorenstein projective such that Homs(M, R) 7^ and 
Ext R (M,R) = for all i > 0. So, although neither projective dimension of M nor injec- 
tive dimension of R is finite, one has Gpd R M = < 00. For a concrete realization of this 
example, we refer the reader to |JS} Theorem 1.7]. 

We need the following lemma in the proof of Theorem 2.5 and Corollary 2.6 below. It 
generalizes [HZ. Lemma 3.1]. 

Lemma 2.4. Assume that M and N are non-zero finitely generated R-modules such that 
Gpd N M < 00. Then obviously dimExt R (M,N) < dim(M ® R N) + Gpd N M - i for all 
i. Moreover, if the assumption Gpd N M < 00 replaced by any of the following stronger assump- 
tions, then dimExt R (M, N) < min{dimR,dim(M ®r N) + Gpd N M} - i for all i. 

i) Gpd M and pd N are finite. 

ii) id M and Gid N are finite. 

iii) idN is finite. 

iv) pd N M is finite. 

Proof. Let i G No- If Ext R (M,N) = 0, then there is nothing to prove. So, we may 
assume that i < Gpd N M. On the other hand, dimExt R (M,N) < dim(M <g> R N), since 
Ext R (M, N) is supported in Supp R (M ® R N). Hence dimExt R (M,N) + i < dim(M R 
N) + Gpd N M. 

For a while, we assume that R is local. By [AB[ 3.7], if Gpd M < 00, then Gpd M = 
depth R - depth M. By IKTYI (, respectively IMatl Theorem 18.9]), if Gid N (, respectively 
id N) is finite, then Gid N (, respectively id N) is equal to depth R. Also, by the Auslander- 
Buchsbaum formula if pd M < 00, then 

Gpd N M = pd M = depthR - depthM. 

Hence in view of Lemma 2.2, each of the conditions i), ii), iii) and iv) implies that 
Gpd N M < depth R. But for any p G Supp R M fl Supp R N, all of the conditions i), ii), iii) 
and iv) are preserved under localization at p. Thus, for any such prime ideal p, each of 
the conditions i), ii), iii) and iv) implies that Gpd N M p < htp. 
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Assume one of the conditions i), ii), iii) and iv) holds and let p G Supp R (Ext R (M, N)). 
Clearly, we can suppose that dimR is finite. Then we have i < Gpd N ^ M p < htp, and so 
dimR/p < dimR - htp < dimR - i. Thus 

dimExt R (M,N) = sup{dimR/p : p G Supp R (Ext R (M, N))} < dimR - i. 

Now, in view of the first assertion, the proof is complete. □ 

Let a be an ideal of R and M a finitely generated R-module of finite dimension 
d. It is known that H„(M) is Artinian. Also, by |Mar, Corollary 2.5], we know that 
Supp R H% _1 (M) is finite. The second assertion of the following result might be consid- 
ered as a generalization of these facts to generalized local cohomology modules. 

Theorem 2.5. Let a be an ideal of R and M and N two finitely generated R-modules such 
that p := Gpd N M < oo and set c := Gpd N M + cd a (M <g> R N). Then H € a (M,N) S 
Ho~ p (Ext R (M, N)) and H' a (M,N) = for all i > c. Moreover, if dim(M ®k N) < oo 
andd := dim(M(g> R N) +Gpd N M, then H d a (M,~N) is Artinian and Supp R (H^ 1 (M, N)) is 
finite. 

Proof. First of all, we claim that H^(Hom R (M, E)) = for any injective R-module E 
and all i > 1. Since any injective R-module decomposes into a direct sum of indecom- 
posable injective R-modules, we may and do assume that E = E R (R/p), for some prime 
ideal p of R. (Note that the functor H' a (-) commutes with direct sums, and as M is finitely 
generated the functor Hoitir(M, •) also commutes with direct sums.) Since 

Hom R (M,E) Hom R (M,Hom Rp (R p ,E)) Hom Rp (M p ,E) S Hom Rp (M p , E Rp (R p /pR p )), 

we deduce that Hom R (M, E) is an Artinian R p -module. Hence H^(Hom R (M, E)) = 
H; Rp (Hom R (M,E)) = 0, as claimed. Let E(-) := r„(-) and G(-) := Hom R (M, •). Since 
(GE)(-) = Hom R (M, r (-)), by E Theorem 11.38], one has the following Grothendieck's 
spectral sequence 

£i := H„(Ext R (M,N)) =» H^'(M,N). 

i 

Hence for each n G No, there exists a chain 

= i-T 1 C H° C • ■ • C H n := H; ! (M,N) (*) 

of submodules of H^(M, N) such that H'/H'" 1 ^ E^ n_i for all i = 0, 1, • • • , n. 

If n > Gpd N (M) + cd a (M ® R N), then either i > cd a (M (g) R N) or n - i > Gpd N M. 
In each case, E a subquotient of E 2 '" 1 . (Note that for each /, 

cd (Ext R (M, N)) < cd a (M® R N).) Therefore, from the chain (*), it follows that 
HZ(M,N) = for all n > Gpd N (M) + cd a (M <8> R N). 
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Next, in the chain (*), let n = c. Since E^ = 0, whenever i > c — p or j > p, it turns 
out that H c a (M, N) = E^ For each r > 2, consider the sequence 

pC— p— r,p+r— 1 pC— p,p «r pC—p+r,p—r+l 

Since E^ p 1 and Ej? p+r,p ,+1 are respectively subquotients of E\ p ' ,p+r 1 and 

E c -P +r 'P- r+ \ it follows that E c r - p - r ' p+ ''- 1 = E c - p+r ' p - r+l = 0, and so 

E c r - p / = kerd c - p ' P /imd c - p - r ' P+r - 1 = ^T v ' v . 

Hence H c a (M,N) S E^ p ' p S . . . S E^^. 

Now, assume that dim(M ® R N) < oo and set d := dim(M <g> R N) + Gpd N M. Clearly, 
c < d and in view of the first assertion of the theorem, we may and do assume that 
d = c. As H c a (M,N) ^ H c a ~ p (Ext p R (M,N)) and dimExt R (M,N) < c - p, it follows that 
H c a (M,N) is Artinian. 

Let i,j be two non-negative integers such that i + j = d — 1. Lemma 2.4 yields 
that dimExtj ? (M,N) < d - j, and so i = d - j - 1 > dimExr' R (M,N) - 1. So, by 
DMart Corollary 2.5], Supp^E^) is finite. Thus, from the chain (*), we deduce that 
Supp R (Hf- 1 (M,N)) is finite. □ 

In the above argument, we used the first assertion of Lemma 2.4. Slightly modifying 
it in the light of the second assertion of Lemma 2.4, concludes the following corollary. It 
is worth to mention that this corollary improves Theorem 3.1 and Lemma 5.4 in BCHL It 
also generalizes |HZl Theorem 3.2]. 

Corollary 2.6. Eet a be an ideal ofR and M and N two finitely generated R-modules. Assume 
that one of the following conditions is satisfied: 

i) Gpd M and pd N are finite. 

ii) id M and GidN are finite. 

iii) id N is finite. 

iv) pd N M is finite. 

Then H' a (M,N) = for all i > min{dimR,Gpd N M + cd a (M (g> R N)}. Moreover, if 
dim(M <S>r N) < oo and d := minjdim R, dim(M <g> R N) + Gpd N M}, then H d a {M,N) is 
Artinian and Supp R (Hf _1 (M,N)) is finite. 

Among other things, Theorem 2.5 says that cd a (M, N) < Gpd N M + cd a (M <g> R N). As 
the following corollary indicates, in some cases the equality holds. 

Corollary 2.7. Let a be an ideal ofR and M and N two finitely generated R-modules. 

i) Ifp:= Gpd N M = grade (Ann R M, N), then H*(M,N) = h£~ p '(Ext£(M,N)) for all 
i, and consequently cd n (M, N) = Gpd N M + cd n (Ext R (M, N)). 

ii) Ifp:= pd N M = grade(Ann R M, N), then cd Q (M, N) = Gpd N M + cd„(M <g> R N). 
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iii) IfR is local, id N < oo and M maximal Cohen Macaulay and faithful, then cd a (M, N) = 
cd a (N). 

Proof, i) The spectral sequence HJ,(Ext / R (M,N)) ==> H l a +, {M,N) collapses at; = p, 

and so HJf(M,N) = H^ p (Ext p R (M,N)) for all n. This shows that cd (M,N) = p + 
cd ft (Ext R (M,N)). 

ii) Lemma 2.2 viii) yields that cd a (Ext R (M, N)) = cd a (M <g> R N). Hence ii) follows by 

i)- 

iii) Lemma 2.2 ix) yields that Gpd N M = 0, and so by the proof of i), we have the 
isomorphisms HJ(M,N) = H%(Kom R (M,N)) for all n. Since by (BHl Exercise 1.2.27], 
Ass R (Hom R (M,N)) = Supp R M n Ass R N, it follows that Supp R (Hom R (M, N)) = 
Supp R N. Now, iDNTl Theorem 2.2] yield that 

cd a (M,N) = cd (Hom R (M, N)) = cd (N). □ 

For two finitely generated R-modules M and N, Theorem 2.5 implies that if Gpd N M < 
oo, then cd n (M, N) < oo for all ideals a of R. The second part of the next corollary indi- 
cates that the converse is also true. 

Corollary 2.8. Let M and N be two finitely generated R-modules. 

i) Let a be an ideal of R such that Supp R M n Supp R N C V(a). Then H' a (M,N) = 
Ext R (M, N) for all i G N . 

ii) Gpd N M < oo if and only ifH' a (M, N) = Ofor all ideals a ofR and for all i 3> 0. 

Proof, i) Since 

Supp R (Ext R (M,N)) C Supp R M n Supp R N C V(a), 
it follows that Ext R (M, N) is o-torsion for all i. Hence, the spectral sequence 

H^(Ext R (M,N)) Hl +i (M,N) 

i 

collapses at i = 0, and so 

H n a (M,N) S H°(Ext R (M,N)) = Ext R (M, N) 

for all n. 

ii) The "only if" part follows by Theorem 2.5. For the converse, let a := Ann R (M ®r 
N). Then by i), we have Ext R (M, N) = Hj(M, N) = for all i > 0. Hence Gpd N M < oo. 

□ 

Sazeedeh [Sal ] has proved that local cohomology modules of an R-module N can be 
computed by Gorenstein injective resolutions of N. Also, he flSa2| proved that if dim R 
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and pdM are finite, then H' a (M,N) can be computed by using Gorenstein injective res- 
olutions of N. Next, by employing his technique that was used in the proof of BSaH 
Theorem 3.1], we improve his later-mentioned result. 

Lemma 2.9. Let a be an ideal ofR and M a finitely generated R-module such that either pd M 
or idM is finite. Then H' a (M,N) = Ofor any Gorenstein injective R-module N and all i > 0. 
Hence for any R-module N, the generalized local cohomology modules H' a (M,N) can be com- 
puted by Gorenstein injective resolutions ofN. 

Proof. Let N be a Gorenstein injective R-module. Let c := minjpdM, idM} + ara(a) 
and E^> := H^(Ext / R (M, N)) for all i,j > 0. If idM < oo, then by Lemma 2.2 vi), 
Gpd N M = 0. Therefore, the spectral sequence EV => Hq +; (M, N) implies that 

i 

H' a (M,N) = for all i > c if either pdM < oo or idM < oo. Since N is Gorenstein 
injective, there exists an exact sequence 

I* : ► l\ — > Iq — > 1° — ► I 1 — > ■ ■ ■ 

of injective R-modules such that N = ker( 1° — > I 1 ) and that HomR( I, I*) is exact for all 
injective R-modules I. For each i > 0, let N, := ker(7 z - — > No := ker(7o — > 1°) 

and N-i := N. For each i > 0, from the exact sequence 

— >Ni — ► Ii — > Nf_i — ► 0, 

we deduce the following long exact sequences of generalized local cohomology modules 

► H 7 a (M,; ; ) — > h((M,N,_i) — )• H 7 a +1 (M,N ; ) — > H^^M,/,) — > • • • . 

Thus, we conclude the isomorphisms h£(M, A/j_i) = H^ +1 (M,N ; ) for all z > and all 
/ > 1. Hence for z' > 0, we have 

Hl(M,N) ^ H^ +1 (M,No) = ... = H^ c (M,N c _i) = 0. 

(Note that N c _i is Gorenstein injective.) Thus any Gorenstein injective R-module is 
H°(M, -)-acyclic. This finishes the proof. Recall that if T is a left exact additive functor 
from the category of R-modules and R-homomorphisms to itself, then for any R-module 
N, the right derived functors R' T of T at N can be computed by using right resolutions 
of N which are consisting of T-acyclic modules. □ 

Corollary 2.10. Let a be an ideal of R and M,N finitely generated R-modules such that either 
pd M or id M is finite. Then cd a (M, N) < min{Gid N, Gpd N M + cd a (M ® R N)}. 

Example 2.11. When Gpd M is finite, it is rather natural to ask whether H' a (M, N) can be 
computed by Gorenstein injective resolutions of N. This would not be the case. To see 
this, let (R, m, k) be a Gorenstein local ring which is not regular. Then Gpd/c and Gid/c 
are both finite, while H' m (k, k) = Ext l R (k, k) is non-zero for infinitely many i. 
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3. The local case 

In this section, for a pair (M, N) of finitely generated modules over a Cohen-Macaulay 
local ring (R,m), we compute cd m (M, N) provided that either pd M or id N is finite. We 
will end this section by proving an analogue of the Hartshorne-Lichtenbaum Vanishing 
Theorem in the context of generalized local cohomology modules. The main ingredients 
in our proofs are Suzuki's and the Herzog-Zamani Duality Theorems for generalized 
local cohomology modules. We start this section with the following useful result. 

Lemma 3.1. Let a be an ideal ofR an x an element ofR. Let M be a finitely generated R-module 
and N an arbitrary R-module. There is a natural long exact sequence 

" H L(*)( M ' N ) — ► K(M,N) — > H> aRx (M x ,N x ) — > H£\ x) (M,N) 

Proof. Let 

be an injective resolution of N. Since M is finitely generated, |DST, Lemma 2.1 i)] implies 
that Hi(M,N) = H ! (Hom R (M,r a (J*))). Similarly, since the R x -module M x is finitely 
generated and I*, the localization of I' at x, provides an injective resolution for the R x - 
module N x , it turns out that (M x , N x ) = H ! '(Hom Ri {M x , Y aRx {I'))). 

Let I be an injective R-module. HBSl Lemma 8.1.1] yields the following split exact 
sequence 

o — > r 0+w (i) A r a (j) -A v a (i x ) — > o, 

where the maps are the natural ones. Because of the natural isomorphism 

Hom Rx (M x ,T aRx (I x )) * Hom R (M,T a (I x )), 

we can deduce the following exact sequence of complexes 

— ► Hom R (M,r o+w (r)) A Hom R (M / r (r)) A Hom Rv (M x ,r aRv (J')) — > 0. 

Its long exact sequence of cohomologies is precisely our desired long exact sequence. □ 
Henceforth, we assume (R, m) is a local ring and M, N finitely generated R-modules. 
We intend to compute cd m (M, N). First, we specialize Theorem 2.5 and Lemma 2.6 to the 
case a = m. 

Corollary 3.2. Let (R, m) be a local ring and M and N two finitely generated R-modules. Con- 
sider the following conditions: 

i) Gpd N M < oo. 

ii) Gpd M and pd N are finite. 

iii) id M and GidN are finite. 

iv) idN is finite. 
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v) pd N M is finite. 

Put d := dim(M ® R N) + Gpd N M in case i) and d := min{dimR,dim(M CEDr N) + 
Gpd N M} in other cases. In each of the above cases, cd m (M, N) < d. Moreover for any ideal a 
ofR, in each of the above cases, Hf (M, N) is a homomorphic image ofH^(M, N). 

Proof. By Grothendieck's non- Vanishing Theorem cd m (M <S>r N) = dim(M®RJV). 
Hence, the first assertion is immediate by Theorem 2.5 and Corollary 2.6. 

Now, we prove the second assertion. We may choose X\, Xi, . . . , x n G R such that m = 
a + {x\, X2,..., x n ). Set a; := a + (x\, . . . , x,_i) for i = 1, . . . ,n + 1. For each 1 < i < n, by 
Lemma 3.1, we have the following long exact sequence of generalized local cohomology 
modules 

► Hf, +1 (M,N) — > Hf. (M, N) — ► ^^(M,,^,) — > • • • . 

By Theorem 2.5 or Corollary 2.6, Hf. (M, N) is Artinian. Hence Hf. (M, N) is supported at 
most at m, and so 

Hi iRx XM Xi ,N Xi )^H d ai (M,N) Xi = 0. 

Hence the natural homomorphism H*. (M,N) — > H*.(M,N) is epic. Using this suc- 
cessively for 1 < i < n, yields that Hf(M,N) is a homomorphic image of H^(M,N). 
□ 

The key to the proof of Theorem 3.5 below is given in the following lemma. 

Lemma 3.3. Let (R, m, k) be a Cohen Macaulay local ring and M, N finitely generated R- 
modules such that pdM < oo. Let co R denote the canonical module ofR. 

i) grade(aR, M ® R co£) = grade(o, M) for any ideal a ofR. 

ii) Ass R (M ® r <*>£) = Ass R M. 

iii) Rad(Ann^(Hom^(o;^, N))) = Rad(Ann^N). Moreover, if id N < oo, then 
Arm R (Hom R (co R ,N)) = Arm R N. 

Proof, i) We first prove the claim for a = m. Let d := dim R. Then, by Suzuki's Duality 
Theorem 

Ext^M®^) H d m \M,k) y ^ Ext^ l '(M,/:) v . 
Hence, it follows by the Auslander-Buchsbaum formula that 

depth(M ® R w R ) = mf{i : Ext^M, fc) v ^ 0} 
= inf{d - ; : Ext' R (M,k) ^ 0} 
= d- sup{; : Ext R (M,fc) ^ 0} 
= depth M. 

In particular, if R possesses a canonical module co R , then depth M = depth(M 0r co r ). 
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Now, we prove the claim for an arbitrary ideal a. Without loss of generality, we may 
assume that R is complete. It follows by |BH, Theorem 3.3.5 b)], that for each prime 
ideal p, the R p -module (cor)p is the canonical module of R p . For any finitely generated 
R-module L, by flBHl Proposition 1.2.10 a)], we have grade(a, L) = inf {depth L p : p G 
V(a)}. Thus 

grade(a,M) = inf{depth(M p ® Rp (co R ) p ) : p G V(o)} = grade(a,M <8> R co R ). 

ii) Since the set Assr(M (g> R co R ) (, respectively Assr M) is precisely consisting of the 
contractions of elements of Ass R (M (g) R co R ) (, respectively Ass R M) to R, we can assume 
that R is complete. Remember that by the first paragraph of the proof, depth M p = 
depth(M ®r cur)? for all prime ideal p of R. But, for a finitely generated R-module L, one 
can check easily that p G Assr L if and only if depth L p = 0. This yields that Assr(M <S)r 
co R ) = Assr M. 

iii) Since by [BH. Theorem 3.3.5 b)], Supp R co R = Spec R, it turns out by [BH, Exercise 
1.2.27] that 

Ass R (Hom R (co R , N) ) = Supp R co R n Ass R N = Ass R N. 

Consequently, Rad(Ann R (Hom R (o; R , N))) = Rad(Ann R N), as required. IfidN < oo, 
then by IISul Theorem 4.3 ii)], there is a natural isomorphism N = Hom R (co R , N) ® R co R , 
which clearly implies that Ann R (Hom R (o; R , N) ) = Ann R N. □ 

The statement of the corollary below involves the notion of attached prime ideals. For 
convenient of the reader, we review this notion briefly in below. Let A = A\ + • • • + A n be 
a minimal secondary representation of the Artinian R-module A. Then the ideals p, := 
Rad(Ann R A;)'s are prime and they are independent of the given minimal secondary 
representation. Each p ; is said to be an attached prime ideal of A and the set {pi, . . . , p n } 
is denoted by AttR A. It is easy to see that a prime ideal p of R is an attached prime ideal 
of A if and only if there exists a quotient C of A such that p = AnnR C. In particular, 
this implies that A is zero if and only if AttR A is empty and that the set of attached 
prime ideals of any quotient of A is contained in AttR A. Also over a complete local ring 
(R,m), by Matlis Duality Theorem and using this description of attached primes of A, it 
is straightforward to deduce the known fact that AttR A = AssR(HomR(A, E R (R/ m))). 
For basic theory concerning attached prime ideals, we refer the reader to [Mat. Section 6, 
Appendix]. 

Corollary 3.4. Let (R,m) be a d-dimensional Cohen-Macaulay local ring and M and N two 
finitely generated R-modules such that either pd M or id N is finite. Then 

AttR {Hi (M, N) ) = Supp R N n Assr M. 

In particular, H^(M, N) = if and only if Supp R N n Assr M = 0. 
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Proof. Let / : R — > T be a ring homomorphism and L a T-module. Because for 
any T-module K, we have Ann R R = /^(Ann^R), it follows that Ass R L = {/ _1 (p) : 
p G Assj L}. Also by the same reason, if L is Artinian as an R-module, then Att R L = 
{/ CP) : P ^ AttrL}. Moreover, one can easily check that the Supp R N is precisely 
consisting of the contractions to R of the elements of Supp R N. Hence, we may assume 
that R is complete. 

First assume that pdM < oo. Then, by Suzuki's Duality Theorem, Hf n (M,N) = 
Hom R (N, M ® R a; R ) v . So, from |[BHj Exercise 1.2.27] and Lemma 3.3 ii), it follows that 

Att R (Hi(M,N)) = Ass R (Hom R (N,M® R a; R )) 
= Supp R N n Ass R (M (g) R o; R ) 
= Supp R N n Ass R M. 

Now, assume that id N < oo. Then, by the Herzog-Zamani Duality Theorem, 
H d m {M,N) v ^Hom s (Hom R K,N),M). 
Hence, from |BH. Exercise 1.2.27] and Lemma 3.3 iii), it follows that 

Att R (Hi(M,N)) = Ass R (Hom R (Hom R (o; R ,N),M))) 
= Supp R (Hom R (o; R , N) ) n Ass R M 
= Supp R N n Ass R M. □ 

Now, we are ready to present the first main result of this section. 

Theorem 3.5. Let (R,m) be a Cohen-Macaulay local ring and M and N two finitely generated 
R-modules such that either pd M or id N is finite. Then 

cd m (M, N) = dim R - grade(Ann R N, M). 

Proof. Let d := dimR. First, assume that pdM < oo. Then by Suzuki's Duality 
Theorem, H' m (M,N) ^ Ext^ ! '(N,M (g> R o; R ) v . Hence by |Q3Hl Proposition 1.2.10 b)] and 
Lemma 3.3 i), it follows that 

cd m (M,N) = sup{i : Ext;H(N,M® R a; R ) v ^ 0} 
= d- inf{; : Ext R (N, M O r co k ) ^ 0} 
= d - grade ((Ann R N)R,M <g> R o; R ) 
= d - grade(Ann R N, M). 

Now, assume that id N < oo. Then by the Herzog-Zamani Duality Theorem 

H' m {M,N) ^Ex4-'(Hom R (a; R ,N),M) v . 

Therefore, in view of Lemma 3.3 iii), the assertion follows by repeating the above argu- 
ment. □ 
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Next, in the case R is a Cohen-Macaulay local ring, we improve the dimension inequal- 
ity dim N < pd M + dim(M ® R N), which is one of the famous consequence of the New 
Intersection Theorem. 

Corollary 3.6. Let (R,m) be a Cohen-Macaulay local ring and M and N two finitely generated 
R-modules. Assume that pdM is finite. Then 

dim N < dim R - grade(Ann R N, M) < Gpd N M + dim(M ® R N). 

Proof. By Theorem 3.5, cd m (M, N) = dim R - grade(Ann R N, M), and so 

dim R - grade(Ann R N, M) < Gpd N M + dim(M ® R N), 

by parts iv) and v) of Corollary 3.2. On the other hand, since pd M is finite, any M- 
sequence is also an R-sequence. Hence grade(Ann R N, M) < grade (Ann R N, R) = 
ht(Ann R N), and so 

dim N = dim R - ht(Ann R N) < dim R - grade(Ann R N, M).D 

Example 3.7. In Theorem 3.5, the Cohen-Macaulayness assumption on R is necessary. To 
see this, let (R, m) be a non Cohen-Macaulay local ring and M, N finitely generated R- 
modules. Suppose that M is Cohen-Macaulay and pd M < oo. Recall that the height of 
an ideal a with respect to M is defined by ht^ a := min{dim M p : p D a}. We have 

dim R - grade(Ann R N, M) > depth R - ht M (Ann R N) 

= pd M + dim M - ht M ( Ann R N) 
= pd M + dim(M/ (Ann R N)M) 
= Gpd N M + dim(M R N). 

In the next result, we compute the kernel of the epimorphism (M, N) — > (M, N) 
in Corollary 3.2, when d = dim R and either pd M or id N is finite. Also, the following 
result is crucial for proving our analogue of the Hartshorne-Lichtenbaum Vanishing 
Theorem for generalized local cohomology modules. In what follows, for an Artinian 
R-module A, we put < m > A := n m l A. 

Theorem 3.8. Let a be an ideal of a d-dimensional Cohen-Macaulay local ring (R,m) and M 
and N two finitely generated R-modules. If either pdM or idN is finite, then there is a natural 
isomorphism 
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Proof. We can assume that R is complete. Let cvr be the canonical module of R and 
(•) v := Hom R (-, Er(R/xo)). Let K and L be finitely generated R-modules such that 
pd L < oo and set A := ]C V . Suzuki's Duality Theorem asserts that 

Ex&(K/a n K,L® R a> R ) = H°(L /J K/a"K) v . 

For a fixed integer n G IN, choose an integer t := t(n) G N such that 

Hl(L,K/a n K) Hom R (R/m f / Hom R (L,X/a n _K)) Hom R (R/m f ® R L,K/a n K) 

and < m > (0 : A a n ) = m f (0 : A a n ). It follows that 

Ext d R (K/a n K, L ® R co R ) = (R/m f <g> R L) ® R (_K/a"_K) v 

= L%(R/ra f <g> R (0 : A a")) 
= L® R ( , 0: ^ a " ^ 



<m>{0: A a n ) 

0: A a" _ A 

n>{0: A a") E 



It is easy to check that li m <m >(o^ a n) = ^ < m >(o- A a n ) ' ^° ^DSt Lemma 3.1] yields that 



H d JK, L ® R cv R ) * L R ^- L0rXV -. (*) 

a{ J L <m>(0: A a") E < m > (0 : L0R v a") V j 

Assume that idN < oo. Then by IISul Theorem 4.3 ii)], there is a natural isomorphism 
N = Hom R (o; R , N) (g) R a? R . On the other hand, 

Hom R (o; R ,N) ® R M v S Hom R (Hom R (a; R ,N),M) v , 

and the later is isomorphic with Hf n (M,N), by the Herzog-Zamani Duality Theorem. 
Since, by ISul Proposition 4.5 ii)], pd(Hom R (o; R , N)) < oo, from (*), it follows that 

H d (M,N) = H d a {M,Hom R {cv R/ N)® R cv R ) 

^ Hj(M,N) 

i E<m>(0: H , (MN) a»)- 

Now, assume that pd M < oo. By |Sul Proposition 4.5 i)], the functor • R co R is exact 
on the subcategory of modules of finite projective dimension, and consequently it follows 
that Torf (co R , M) = for all i > 0. Hence, IICDl Lemma 2.5] and (*) imply that 

H d a {M,R) ^H d a (M® R cu Rl cv R ) 

(M® R U) R ) V 

~ L <™>(0--(M® R UB)va- n ) 
^ Hj(M,R) 

,£ <m>(0: H^,M,,)»")- 

Note that by Suzuki's Duality Theorem (M <g> R o; R ) v = H^(M,R). On the other hand, 
by Corollary 3.2 v), the functors H d (M, •) and H^(M, •) are right exact, and so using IIDSl 
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Lemma 3.1] once more, yields that 

Hi(M,N) =N® R L< 3o M f a") 

~ Hg,(M,N) n 

- E N <«>(0: <(M , N) a")- 

Corollary 3.9. Lef a foe an zdeaZ of a d-dimensional Cohen-Macaulay local ring (R,m) and M 
and N two finitely generated R-modules. If either pd M or id N is finite, then 

Att A (H*(M,N)) = {p G Supp^ N n Ass^ M : dim(R/aR + p) = 0}. 

Proof. We can assume that R is complete. Let H^(M, N) = Ai + • • • + A n be a minimal 
secondary representation of (M, N) . We order the set Att« (H^ (M, N) ) = {pi, . . . , p n } 
such that for an integer < I < n, dim(R/ a + p,) > for all 1 < i < I, while dim(R/ o + 

pi) = for all / + 1 < i < n. Then by jDSl Theorem 2.8], A\ -\ h A t is a minimal 

secondary representation of B := ^„ e i»j < m > (0 : H d ( M N ) a"). Now, it is easy to see that 
Zf =l+1 (Ai + B)/B is a minimal secondary representation of H d a {M, N) = H^(M, N)/B. 
But (A, + B)/B = Ail {A[ n B) is p r secondary for all / + 1 < i < n. This finishes the 
proof by Corollary 3.4. □ 

When R is a Gorenstein local ring, an analogue of the Hartshorne-Lichtenbaum Vanish- 
ing Theorem for generalized local cohomology modules was established in IDSTl Lemma 
2.5]. Now, we weaken the assumption on R to the Cohen-Macaulayness. 

Corollary 3.10. Let a be an ideal of a d-dimensional Cohen-Macaiday local ring (R,m) and M 
and N two finitely generated R-modules. Assume that either pdM or idN is finite. Then the 
following are equivalent: 

i) H*(M,N) = 0. 

ii) Hi(M,N) = £ < m > (0 : Hi{M/N) a' 1 ). 

hi) For any integer I G N, there exists ann = n(l) G N such that 

: Hl(M,N) a' ^< m > (0 -Hi(M,N) a ")- 
iv) dim R/aR + p > 0/or all p G Supp^ N n Ass^ M. 

Proof, i), ii) and iv) are equivalent by Theorem 3.8 and Corollary 3.9, while the equiv- 
alence of ii) and iii) follows by |DSl Corollary 2.5]. □ 
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